Abstract. We numerically compute the central critical values of odd quadratic character twists with respect to some small discriminants D of spinor zeta functions attached to Seigel-Hecke eigenforms F of genus 2 in the first few cases where F does not belong to the Maass space. As a result, in the cases considered we can numerically confirm a conjecture of Böcherer, according to which these central critical values should be proportional to the squares of certain finite sums of Fourier coefficients of F .
Introduction
In [3] , Böcherer made an interesting conjecture concerning central critical values of odd quadratic character twists of spinor zeta functions attached to cuspidal Siegel-Hecke eigenforms of genus 2.
More precisely, let F be a nonzero cuspidal Hecke eigenform of even integral weight k w.r.t. the Siegel modular group Γ 2 := Sp 2 (Z) and denote by Z F (s) (Re(s) 0) its spinor zeta function. Recall [2] that Z F (s) completed with appropriate Γ-factors has a meromorphic continuation to C and is invariant under s → 2k − 2 − s. Let Z F (s, χ D ) (Re(s) 0) be the twist of Z F (s) by the quadratic character χ D = D · , where D < 0 is a fundamental discriminant. Assume that Z F (s, χ D ) enjoys similar analytic properties as Z F (s). Then according to [3] , there should exist a constant C F > 0, depending only on F , such that In [3] , Böcherer proved his conjecture in the case where F is the Maass lift of a Hecke eigenform f of weight 2k − 2 w.r.t. Γ 1 . The proof combines four inputs: i) the fact that Z F (s) = ζ(s − k + 1)ζ(s − k + 2)L(f, s), where L(f, s) is the Hecke L-function of f [5] ; ii) Waldspurger's theorem [13] on the relation between central critical values of quadratic twists of L(f, s) and squares of Fourier coefficients of modular forms of half-integral weight; iii) the explicit description of the Maass
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lift on the level of Fourier coefficients [2] ; and finally iv) Dirichlet's classical class number formula.
Later on, Böcherer and Schulze-Pillot [4] proved an identity similar to (1) in the case of levels, where now F is the Yoshida lift of an elliptic cusp form.
Also in [3] , a formula like (1) in the case where F is a Siegel-or KlingenEisenstein series was shown to be true.
The proof in all the above cases makes essential use of the fact that the spinor zeta function in question is a product of "known" L-series.
To the best of our knowledge, nothing regarding Böcherer's conjecture seems to be known in the case where F is a "true" Siegel modular form, i.e., is not a lift of an automorphic form on GL 2 (and so Z F (s) is not expected to split).
In the present paper, we would like to present some numerical data supporting the conjecture for small values of D in the first few "nontrivial" cases when F is of weight 20, 22, 24 resp. 26 and is not a Maass lift. It turns out that for those F and for D = −3, −4, −7, −8 identity (1) numerically is true at least up to 5 digits with some constant C F > 0 independent of D (Thm., §4; numerical data are given in §5).
The first ingredient in the computation is a certain series representation (found by the first author many years ago) for central critical values of spinor zeta functions supposing "good" analytic properties of Z F (s, χ D ) as required in the conjecture. We were kindly informed by D. Goldfeld that this series representation can also be derived from the more general work of Lavrik [10] when appropriately specialized. The formula for computing
Note that the holomorphic continuation of Z F (s, χ D ) was proved in [6] , [7] (using some round-about via Rankin-Dirichlet series) under the assumption that the first Fourier-Jacobi coefficient of F is nonzero. The latter condition is satisfied at least for all F with k 32 according to Skoruppa [12] . The functional equation, however, was proved only very recently in [9] .
The second main ingredient, which is entirely due to the second author, is the computation of the eigenvalues λ F (p) (p a prime < 1 000) and λ F (p 2 ) (p a prime < 71) under the usual Hecke operators T p resp. T p 2 of the F in question, following the method of Skoruppa [12] and an appropriate C++ computer program. This is presented in §3.
In §4, the results of § §2 and 3 are combined to calculate Z F (k − 1, χ D ) for the F and D in question with "good" accuracy. For an estimation of the error term we use the bounds for the eigenvalues of F implied by the Ramanujan-Petersson conjecture, for the latter cf. [14] .
We finally remark that we have also numerically re-checked (1) using the identity given in §2 in case F is of weight 20, resp. 22, and is in the Maass space. We have not included the details here.
A series representation for central values of spinor zeta functions
Let k ∈ 2N and write S k (Γ 2 ) for the space of Siegel cusp forms of weight k w.r.t.
is a nonzero Hecke eigenform, we let
be the spinor zeta function of F , where
is the local spinor polynomial at p and λ F (p) resp. λ F (p 2 ) are the eigenvalues of F under the usual Hecke operator T p resp. T p 2 .
According to Andrianov [2] the function
has a meromorphic continuation to C and is invariant under
It is holomorphic everywhere if F is not contained in the Maass space (which is equivalent to saying
, where f is a normalized cuspidal Hecke eigenform of weight 2k − 2 w.r.t.
We denote the n-th coefficient of the Dirichlet series
We put
If F is in the Maass space, then by well-known properties of twists of ζ(s) and
extends to an entire function, is of rapid decay for Im(s) → ∞ and is invariant under s → 2k − 2 − s. It is very natural to expect that the same holds for general F (cf. [3] ). In fact, if F is not in the Maass space and the first Fourier-Jacobi coefficient of F is nonzero, this was proved in [6] , [7] , [9] (using the fact φ 1 2 Z F (s) = D F (s), where φ 1 is the first Fourier-Jacobi coefficient of F and D F (s) is a Rankin type Dirichlet series formed out of the Fourier-Jacobi coefficients of F introduced in [8] ).
Let F ∈ S k (Γ 2 ) be a Hecke eigenform such that Z F (s, χ D ) has the above analytic properties. Using the integral transform
where K k−2 (y) denotes the modified Bessel function of order k − 2, we have for y > 0 and c 0
where 
. Using the usual splitting trick and the formula
we conclude for Re(s) 0 that
As f F,D (y) is of exponential decay for y → ∞, the right hand side of (5) has a holomorphic continuation to the whole complex plane, and (5) is valid for all s ∈ C.
Setting s = k − 1 in (5), we get the formulas
Hence
where the exponential decay of K k−2 (y) for y → ∞ justifies the interchange of summation and integration in (6).
Numerical computations
Let M k (Γ 1 ) be the space of elliptic modular forms of weight k w.r.t. Γ 1 and S k (Γ 1 ) be the subspace of cusp forms in M k (Γ 1 ). For τ ∈ C, Im(τ ) > 0, write q = exp(2πiτ ), and let
be the Ramanujan ∆-function in S 12 (Γ 1 ) and 
By φ 10 resp. φ 12 we denote the Jacobi cusp forms in the one-dimensional spaces J cusp 10,1 , resp. J cusp 12,1 , normalized to C(−3) = 1. The first cuspidal Hecke eigenforms for genus 2 that do not belong to the Maass space appear in weight 20, 22, 24, resp. 26, and are denoted Υ 20 , . . . , Υ 26b in [12] . In [12] , Skoruppa gives explicit formulas for them (involving the forms V (φ), where φ are appropriate Jacobi forms) and calculates some of their Fourier coefficients. Note that there is a misprint in the formula for Υ 22 ; the corrected formula is
To compute the coefficients of the relevant Jacobi forms φ, we proceed slightly differently from [12] and try to avoid multiplication of Jacobi modular forms with elliptic modular forms. More precisely, the operator D 2ν is defined by
. We consider the system of equations 
We solve the system recursively for the Fourier coefficients of the Jacobi forms.
(To start the recursion the first Fourier coefficients of φ 10 , φ 12 are taken from [5] .) This method needs only O(|D| 3 2 ) operations to calculate a complete table of Fourier coefficients up to a "large" discriminant. Hence it is less "expensive" than the usual multiplication of Jacobi forms and elliptic modular forms (O(|D| 2 )). Proceeding in this way and using a C++ computer program, we computed the Fourier coefficients C(D) of the Jacobi forms in question for |D| 3 000 000. Then we are able to compute any Fourier coefficient a(n, r, m) of Υ 20 , . . . , Υ 26b with discriminant 4mn − r 2 3 000 000. In [12] Skoruppa calculates the eigenvalues λ F (p), λ F (p 2 ) (p prime) of a Hecke eigenform
by means of the formulas (1, 1, 1 ) and
which are based on Andrianov's results in [2] .
Using another C++ computer program, we computed the eigenvalues λ F (p) for p < 1 000 prime and λ F (p 2 ) for p < 71 prime of F = Υ 20 , . . . , Υ 26b from the above formulas.
Summing up
By (7) we have
Now g D (n) is of exponential decay for n → ∞ and λ F,D (n) is of polynomial growth. Thus for a numerical approximation of Z F (k − 1, χ D ) it is important to calculate as many terms as possible in the sum for small n (say n N for some N -we will later choose N = 4000), while for large n (n > N) the total sum of all terms with n > N is rather small. Hence we approximate 
can be estimated by
Suppose now that N < 1007 2 . Then clearly for the first sum 1 in the above equation we have the estimate
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The second sum 2 in (9) satisfies
For the estimation of the dominating term 1 in ε(F, D) we use the result of Weissauer [14] that any eigenform F ∈ S k (Γ 2 ) which does not belong to the Maass space fulfills the Ramanujan-Petersson conjecture (i.e., all complex roots of Z F,p have absolute value p 3 2 −k ). Thus we have to choose C 1 = 4, α = k − 3 2 to obtain the best estimate for 1 possible by our methods.
The contribution of 2 to ε(F, D) is absorbed by 1 if N is large enough, so we do not have to use the optimal estimate for λ F (n). One obtains a very crude (but simple and for our purpose sufficient) estimate for λ F (n) from the RamanujanPetersson conjecture if one uses σ 0 (n) n, namely
Thus we set C 2 = 1 and β = k + 
Numerical data

